We investigate the N -leg spin-S Heisenberg ladders by using the density matrix renormalization group method. We present estimates of the spin gap ∆s and of the ground state energy per site e N ∞ in the thermodynamic limit for ladders with widths up to six legs and spin S ≤ 5 2
I. INTRODUCTION
The theoretical study of strongly correlated systems is undoubtedly an extremely complicated task due to the lack of appropriate techniques to address such systems, especially in dimensions greater than one. The main difficulty in the investigation of those systems is associated to the fact that the Hilbert space grows exponentially with the system size. In the last decades a great deal of effort has been devoted to develop new techniques for dealing with this issue. A major breakthrough, in this area, was the development of the density matrix renormalization group (DMRG) by White.
1 The success of the DMRG resides in the choose of the optimal states used to represent a Hamiltonian, which are selected through the reduced density matrix eigenvalues.
1 Usually, only a small percentage of the whole Hilbert space is necessary to describe the low energy physics of a system by using the DMRG. Due to this fact the DMRG became one of the most powerful techniques to deal with strongly correlated systems in one-dimension. Although the DMRG is based on a one-dimensional algorithm, it has been applied to low dimensional systems such as the ladder systems.
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The procedure consists in mapping the low-dimensional model on a 1D model with long range interactions. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] In this vein some other algorithms, based in the tensor networks, have been proposed to study strongly correlated systems in dimensions higher than d = 1, such as PEPS 16 and MERA. 17 Note that in dimensions d > 1 there are few accurate results which can be used as benchmark.
One of the goals of this work is to provide accurate results of the N -leg spin-S Heisenberg ladders, with spin up to S = 5 2 , which may be used as benchmark for the new algorithms that have been proposed. Besides, and not less important, we intent to verify the Haldane-Sénéchal-Sierra conjecture, [18] [19] [20] [21] which dictates the behavior of the spin gap of the spin-S Heisenberg chains and ladders.
The N -leg ladders are characterized by N parallel chains coupled one to each others, such that the cou- pling J along the chains is comparable to the coupling J ⊥ between the chains (see Fig. 1 ). The N -leg ladders are easier to deal with than the two-dimensional systems and are used as an simple route to study the last ones.
2 In this work, we focus in legs formed by spin-S Heisenberg chains. It is well known that the spin-S Heisenberg chains, i. e. N = 1, present a very distinct behavior with the value of S, as first pointed out by Haldane. 18, 19 Haldane by using a semi-classical limit of the Heisenberg chain noted that semi-integer (integer) spin Heisenberg chains are gapless (gapped), this latter statement is known as Haldane conjecture. Although the semi-classical approach is valid for S ≫ 1 the conjecture was verified numerically for S ≥ 1/2. [22] [23] [24] In the context of the ladder systems, the same natural question arises. 
where S i,j is the spin-S operator at the i-th leg and j-th rung, L is the number of sites of the chains and N is the number of legs. We have set J = 1 to fix the energy scale. We use the DMRG algorithm to investigate the Hamiltonian above, keeping up to m = 3600 states per block in the final DMRG sweeps and the discarded weight was typically 10 −8 − 10 −12 at the final sweeps. In order to avoid metastable configurations we start the truncation process with large values of m (typically we start with m 0 ∼ 1200).
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In the next section we present our results for the spin-S N -leg Heisenberg ladders: estimates of the ground state energy per site (e N ∞ ) as well the estimates of the spin gap (∆ s ) in the thermodynamic limit. We also show estimates of the ground state energy per site of the twodimensional spin-S Heisenberg model. A discussion of an edge effect, similar to what happens in the spin-1 chain, is also reported for ladders.
Before we start presenting our results, let us briefly describe the procedure we used to calculate the energies of ladder systems by using the DMRG. As we already mentioned before, the DMRG algorithm is essentially a 1D algorithm. However, it is possible to map the cluster of size N × L in a one-dimensional system with longrange interactions, as illustrated in Fig. 1 . Before being reached a specific cluster size (as the one presented in Fig. 1 ) we need to grow the size of the system starting with four sites. In the infinite system DMRG algorithm at each step two sites are added, as illustrated in the Fig. 2 for the case of a 3-leg ladder. It is very interesting to note that, as in the one-dimensional case, 1 we can also use the infinite system DMRG algorithm to obtain the ground state energy per site, in the thermodynamic, e N ∞ of the N -leg ladders. The energy per site can be estimated from the difference in energy of different iterations. Note that some energies (associated with some iteractions) can not be used to estimate e N ∞ , since not all steps have the correct number of sites for a fixed geometry (see Fig. 2 ). We estimate e N ∞ by using the following equation
where E(M ) is the ground state energy of a system with M sites. To our knowledge this simple procedure to estimate e N ∞ for ladder systems was not used in the literature before.
II. RESULTS
The ground state energy per site: e N ∞
In Table I , we present our accurate estimates of e N ∞ for several values of N and S. In order to get these estimates we first used Eq. (2) for a fixed number of states kept in the truncation process (m) and increase L until the results converge (for large values of m and N the number of iterations is of the order of one thousand). We then get another estimate with a larger value of m (typically two times larger) and we compare this estimate with the previous one. The number of digits shown in this table corresponds to the precision we get considering m up to 1600. The results presented in parentheses are some of the best estimates known in the literature (see also Refs. 37-42 for similar estimates). As we can see, our estimates are in perfect agreement with those results. for the N -leg spin-S Heisenberg ladders. The results in parentheses are some of the best estimates known from the literature. Estimates of the ground state energy per site of the infinite twodimensional system is also acquired by an extrapolation (see text). Since we were able to get accurate estimates of e N ∞ for legs up to N = 6 we decide to estimate the ground state energy per site e 2D ∞ of the infinite two-dimensional system by assuming that e 2D (N,
The above behavior is expected even for non-interacting systems, as shown below. Consider the following noninteracting Hamiltonian
where c jσ annihilates a electron at site j with spin projection σ. Here ij denotes nearest-neighbor sites and we are considering periodic (open) boundary condition in the direction x (y). Let L (N ) be the number of sites in the x (y) direction. It is not difficult to shown that the ground state energy at the half-filling for L → ∞ is given by
The leading finite-size corrections of the above equation can be obtained by using the Euler-Maclaruin formula (see for example Ref. 43 for a similar case of a two-leg spin ladder). The result obtained is
which presents a scaling form similar to one of Eq. (3).
In Fig. 3 , we show . 44 The origin of the very small difference (0.007) between these two values is very probably associated with the small lattice sizes considered to extrapolated our data. 
Ref. 50). Due to this fact
. This degeneracy can be understood by the edge spins that in the thermodynamic limit do not interact with each others.
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By analyzing the topological term of the non-linear sigma model Ng in Ref. 51 proposed that spin-S chains with semi-integer spins also present edge spins of magnitude S end = (S − 1/2)/2. Theses edge spins indeed have been observed. 48, 52, 53 Due to this fact, the spin gap excitation of chains with semi-integer spin that must be investigated is ∆ = E 0 (S + 1/2) − E 0 (0).
The most beautiful signature of the edge states appears in the measured value of < S Fig. 4(a) ] shows that even considering a chain of size L = 800 we were not able to see yet an exponential decay. For chains with semiinteger spins our results support that S end = (S −1/2)/2, as expected. 48, 52, 53 We found that S end = 0.57 and 0.94 for chains with spin S=3/2 and S=5/2, respectively. In those latter cases, we found that < S We can use a heuristic argument to understand the fact that the edge states of ladders appear only for N odd. Consider the strong coupling limit, i. e., the coupling along the rung is much larger than the coupling along the chains. If the number of legs is even (odd) the ground state of the rung is a singlet (S-plet). So, "rung sites" behave as an effective spin-S if N is odd. Finally, let us show our results for the spin gap. In Figs. 5(a)-(d) , we present the finite-size spin gap ∆(L) as a function of 1/L for ladders with S = 1/2, 3/2, 5/2 and 1 and some values of N . In order to estimate the spin gap in the thermodynamic limit (∆ s ) we assume that ∆(L) behaves as 2 for large values of L. We also have observed this behavior for the spin-1 chain [see Fig. 5(d)]) . We have added the 1/L term because our results show that the leading finite-size correction of ∆(L) is 1/L for small system sizes. Note that if we consider the energy dispersion ∆(k) = ∆ m + (vk) 2 
This suggests that leading finite-size correction of ∆(L) is 1/L when the lattice sizes are smaller than the correlation length. Even though the asymptotic scaling form is not reached, it is possible to obtain reasonable estimates of ∆ s by using Eq. (4), as we explain in the following. It is possible to fit our data by using only the 1/L (1/L 2 ) term in order to obtain a lower (upper) bound and then quote an estimative of the spin gap by an average of these two values, as done by Schollwöck and Jolicoeur in Ref. 47 . We notice that if we fit our data with the two terms, simultaneously, we get estimates very close to the procedure used by Schollwöck and Jolicoeur, i. e., an estimate between the upper and lower bound, For example, for the spin-2 chain we got ∆ s = 0.084 by considering 200 < L ≤ 400 (it is interesting to mention that it was found ∆ s = 0.07 ± 02 in experimental realization of the spin-2 chain 57 ). If we had considered systems with sizes 20 < L < 120 to extract the spin gap, we would find ∆ s = 0.04. This shows that if we consider system sizes smaller than the correlation length to the determine ∆ s . The estimate obtained should be interpreted as a lower bound estimate. Finally, we should mention that in principle logarithmic corrections like 1/L ln L are also expected due to the marginally irrelevant operators. 55 However, we notice that if we replace the last term of Eq. (4) by the logarithmic correction term 1/L ln L, the fits obtained are slightly worse than the ones found using the Eq. (4).
As we already mentioned, it is expected that the Nleg spin-S Heisenberg ladders is gapless (gapped) if SN is semi-integer (integer). Indeed, as we can observe in Figs. 5(a)-(d) our results, overall, are consistent with the Haldane-Sénéchal-Sierra conjecture. We found that for ladders with SN semi-integer that the extrapolated values of ∆ s are 10 −3 . These latter results strongly indicate that the spin gap is zero for ladders with SN semi-integer. In order to better visualize the results of ∆ s , we report in Table III the extrapolated values we got from the fit procedure. In this table, we also present some estimates of ∆ s found in the literature. As we can see, our results are similar to those found in the literature and, within our precision, our results agree perfectly with the Haldane-Sénéchal-Sierra conjecture. Note that the spin gap decreases with the number of legs and the values of . These values were extracted from the fit of our data using the equation (4) . The results in parentheses are some of the best estimates known from the literature. As we discussed earlier, due to the edge states we expect that the ground state is (S + 1)
2 -fold degenerate
2 -fold degenerate], in the thermodynamic limit, for ladders with integer [semi-integer] spins if N is odd. In order to verify this claim, we also calculate the spin excitations ∆E(S The results for the 3-leg spin-1 Heisenberg ladder, presented in Fig. 6(a) , in fact indicate that E 0 (1) = E 0 (0) in the thermodynamic limit, as we expect. For larger values of S, as we illustrate in Fig. 6 (b)-6(c) for the cases S = 2 and S = 3/2, it is very difficult to see accurately if the ground state is degenerate (due mainly to the system sizes we consider). Nevertheless, our results within of the accuracy of the extrapolations are consistent with the fact that the ground state is (S + 1) 2 -fold degenerate [(S − 1/2) 2 -fold degenerate] for ladders with integer [semi-integer] spins and N odd. Besides that, if we had estimated the spin gap for ladders with integer spins considering only ∆E(1), we would find that the spin gap for N = 4 would be larger than N = 3, which is not expected. For these reasons we do believe that the ground state is degenerate, in the thermodynamic limit, for ladders with N odd.
III. CONCLUSIONS
In this work, we use the unbiased DMRG method to investigate the N -leg spin-S Heisenberg ladders. While the low energy physics of the Heisenberg chains and the spin-1/2 Heisenberg ladders were studied by several works, few is known about the Heisenberg ladders with spin S ≥ 1. We made a great numerical effort to provide some precise estimates of the ground state energy per site e N ∞ in the thermodynamic limit for the Heisenberg ladders. We also present several new estimates of the spin gap ∆ s , which were unknown, mainly for N > 1 and S ≥ 1. Our estimates for spin-S chains and for spin-1/2 ladders are similar to those known in the literature. Our results corroborate with the Haldane and Sénéchal-Sierra conjectures for chains and ladders, which establish that the Nleg spin-S Heisenberg ladders is gapless (gapped) if SN is semi-integer (integer). We also observe edge states for ladders if N is odd that resemble the edge states found in chains. We believe that this latter result will help understanding more deeply the nature of the ground state of the Heisenberg ladders.
